e gsimple complex Lie algebra of rank n (simply laced)
eg=n"RHhn"
loop algebra L(g) = g @ C[t,t 7], [ @ ",y @ t"] = [z, y] @ t"T"
current algebra g[t] = g ® CJt]

e b Cartan subalgebra, a a root, «; simple root, R set
of roots, h; simple coroot, xf simple root vectors

e \ weight, w; fundamental weight, P weights, P*
dominant weights, PV coweights

e g the affine Kac Moody algebra corresponding to g
ed=bBn =1, @b, h=h®CK & Cd

e A weight for g, Ay the fundamental weight of the
basic representation

o W Weyl group of g, W = WxQV, W = WxP" =
»x Welf

e 0 a non-trivial diagram automorphism of g of order
m(€ {2,3}).

e let ( be a primitive m-th root of unity

e extend to L(g) by o(x ®@t") = ("o(z) @ t"

e g0, L7(g), g°[t], the fix points

e gy simple Lie algebra, g, irred. repr. of gq (65 or 20;)
e Iy, Ry, Py

o 10 = x; if 0(i) =4, else x;0 = x; + T,04). T =
Li — To(i)

o Agi) and ¢ = n different



The monoid P
Let PT be the monoid of I-tuples of polynomials m; =
(71,--+ ,m,) in an indeterminate v with constant term
one, with multiplication being defined component wise.
For i € I and a € C*, set

Tia = ((1— au)‘sii cjel)e P, (1)
and for A € PT, set

Tha = H(mﬂ)’\(h"), A #£ 0.

iel

Clearly any 7+ € P* can be written uniquely as a prod-

uct
/
+ _
s - H 7T)\i7ai7
k=1

for some Aq,---, Ay € Pt and distinct elements aq, - -+ ,a, €
C*. Defineamap P* — Pt by — A = >, deg(m)w;.



The modules W (r), V(7).
Given 7 = (m)ie; € Pt with 7 = []i_, Tr,.0, Where
ap,--- ,ay are all distinct, let W () be the L(g)-module
generated by an element w, with relations:

LN wy =0, hwy = Ae(Rwy, (a7) ")y =0,

2

/
(h @ ) w, = (Z Aj(ma;) W
j=1
1€l and h €b.

Let b € C* and let W (7) be the L(g)-module ob-
tained by pulling back W (7) through the automorphism
7, of L(g), where 7(x @ t")b'x @ t".

Lemma 1. 1. Letw € Pt. Then W(w) = U(L(n"))wy,
and hence we have,

wt(W(m)) C A\ —QF, dimW(n), = 1.

In particular, the module W (m) has a unique irre-
ducible quotient V ().

2. For b € C*, we have n,W () = W (m,), where m =
(m;(u))icr and m = (m;(b~'u))ier. In particular we
have

W(ﬂ')\@) gg W(ﬂ',\’ab).

In particular, the irreducible modules are exacly the
tensor products of evaluation modules.



Some results on Weyl modules

Theorem 1. (i) Given m = (7;);e; with unique decom-
position ™ = Hi:l Tap, We have an isomorphism of
L(g)-modules

W(W) = ®£:1W(ﬂ—)\k,ak)'

(ii) Let V' be any finite-dimensional L(g)-module gener-
ated by an element v € V' such that

L(nT)v =0, L(h)v=Co.

Then there exists m € P such that the assignment
w, — v extends to a surjective homomorphism W (m) —
V' of L(g)-modules.

(iii) Let X € P™ anda € C*. Suppose that A =), mw;.
Then

W(ma) =g ® W (7)™

el



From untwisted to twisted
Let (,) be the form on b} induced by the Killing form
of go normalized so that (6y,6y) = 2. For ¢ € Iy and
a € C*, A € P and g not of type Ay, let

wa= (ma e k). af, =[] ),
i€ly
while if g is of type As, we set fori € Iy, a € C*, X\ € P,
o . o o \(1=38i0)A(R;
nr, = ((=aw)’ jedy), 75, =[] (rg,) "2,
i€ly
Let P} be the monoid generated by the elements S o
Define a map P} — P,;" by
Ao = Z(deg 77w,

i€l
if g is not of type As, and
Arr =3 (1+6;) (deg 77 )wr,

1€1y

if g is of type As,. It is clear that any 7° € P} can be
written (non—uniquely) as product

m—1
g __ g
= H Tk erCear
k=1 e=
where a = (aq, - -+, a7) and ™ have distinct coordinates.

We call any such expression a standard decomposition of

e,



Given A =), ;miw; € P* and 0 < e < m — 1, define
elements A(e) € P} by,

= Zmiwi7 Z Mg (3)Wi
iclo i€ly:o(i)F#i
if m=2 and g not of type Ay,
MO) = D"+ Gimiws, A1) = > (14 bogiy )Mo
i€lo i€ly:o(i)#i
if m =2 and g of type Ay,
A0) = mywy + maws, A(1) = mawy, A2) = mawy, if m =3,

Define a map r : Pt — P as follows. Given m € P~
write

W:Hﬂ-)\k;alw ak#apv 1<k#p<l{,
k=1

and set

—_

/
H 7T Ak(€),CCar”

k=1 €
Note that r is well defined since the choice of (A, ay) is
unique and set

i(r?) ={m e P":r(r)=n"}.

3

|
=



The set i(77)

Lemma 2. 1. Leti € Iy and a € C*. We have,

i(ﬂ-gi’a) — {ﬂ-o-r(wi)’Cm—ra O S r << m},

and for A3 and i = n,
i(ﬂ-gwn,a) = {an,a ) anﬂ,—a}

2. Let n° Hk T HZE[O( T, cea) e be a decom-
position of % into lmear factors for g not of type

As,. Then

¢
(7-(-(7) = H H{WUT(Wi)vcm_r+€ak ‘ 0 <r< m}mk,e,i

k=1 e=0 iEIO

where the product of the sets is understood to be the
set of products of elements of the sets.

In the case ofAQn, let @ Hk ) H€ o [Licr, (70 O e )
be a decomposition of ©° into linear factors. Then

HHH{TFW ),(2rteqy, ‘O <r< Q}mk“

k=1 e=0iely

3. In particular, we have

4 { m—1

mk51 o
[ mwe =TT T 70000 €157,
k=1 k=1 e=0 iel

where p, = > 1", ZZGIO Mi.ei0 (wi) and a* # al'.



The modules W (7n), V(1)
Given 77 = (7o )icr, € P, with If 77 Hi:l T €

o

P the Weyl module W (7?) is the U(L?(g))-module gen-
erated by an element w,- with relations:

[J(j(n—’_),wﬂ"7 = 07 hwﬂ' — Aﬂ(h)wﬂou (xi_,O))\W(hiyo)—’—lwﬂ"’ — 07

And if g not of type A,

/
(hie @ ™ Ywre =Y Nj(h, Weo,  (2)

J=1

and for g of type As,,

[~
S
=
SN—

>
.
S
3
Q
—~
(O]
N——

(hi,e X tmk_e)wﬁa =
j=1
for all = € Iy and h € by.
For b € C* we have 7,(L7(g)) C L?(g) and we let
W (77) be the L?(g)-module obtained by pulling back
W (n?) through 7.

Lemma 3. 1. Letn? € PS. Then W (%) = U(L%(n"))w?,
and hence we have,

wt(W(77)) C A\e — QfF, dim W (%), = 1.

In particular, the module W (n%) has a unique irre-
ducible quotient V (m7).

2. For b € C*, we have )W (7?) = W (xy), where 77 =
(mi(w))ier and 7§ = (mi(b~u))ier. In particular we
have

W(ﬂ-g,a> gElo W(Wg,ba>'



Some results for twisted Weyl modules

Theorem 2. 1. Let 7% € P;. For all m € i(n7), we
have

W(r%) Zpo(g W(m), V(77) Epog) V().

2. Let m° € P} and assume that T],_ S 75 cear, €
Pl is a standard decomposition of w. As L°(g)-
modules, we have

L m—1
W) =2 QW[ 75, ca)
k=1 e=0

3. Suppose that H6 0 T.ca € Py Then

m—1 m—1
W(H WKC,Cea) ggo ® W<7T§5,Cfa>'
e=0 €=

4. Let A=) ;c; miw; € P and a € C*. We have for
g not of type As,

W (n,) Zgo QW (m7 )™
=1

and for g of type Ao,

n—1

9o W(Wgwn,ﬁ@% ® ® W(ng,l)@)mi-

1=1

112

W)

5. Let V' be any finite—dimensional L?(g)—module gen-
erated by an element v € V' such that

L°mMv =0, L7(h)v = Co.

9



Then there exists m° € PI such that the assign-
ment wye — v extends to a surjective homomorphism
W(n?) — V of L?(g)—modules.

[]

10



