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The Challenge
• What Mathematics do Teachers “Need to
Know” and How Should They “Come to
Know” Mathematics?
– What does it mean to offer challenging courses and
curricula for future elementary math teachers?
– How do we help teachers translate the mathematics
they come to know into classroom practice that leads
to improved student learning?

What is so difficult about the preparation of
mathematics teachers?
•

For most future elementary school teachers the level of need is so
basic, that what a mathematician might envision as an appropriate
course is likely to be hopelessly over the heads of most of the
students.

•

The mathematics taught should be connected as directly as
possible to the classroom. This is more important, the more
abstract and powerful the principles are. Teachers cannot be
expected to make the links on their own.

•

Get teacher candidates to believe, that mathematics is something
you think about - that validity comes from inner conviction that
things make sense, that mathematical situations can be reasoned
about on the basis of a few basic principles.

•

The goal is to have them develop some flexibility in their thinking, to
be able to reason about elementary mathematics.
Roger Howe

The Mathematical Education
of Teachers
Recommendations

• Teachers need mathematics courses that develop a deep
understanding of the math they teach.
• Mathematics courses should
– focus on a thorough development of basic mathematical
ideas.
– develop careful reasoning and mathematical ‘common
sense’.
– develop the habits of mind of a mathematical thinker and
demonstrate flexible, interactive styles of teaching.
• The mathematics education of teachers should be based on
– partnerships between mathematicians, mathematics
education faculty and school mathematics teachers.

Why form a partnership between
mathematics educators, mathematicians and
teachers?

A Mathematician’s Perspective
• National recommendations
• The mathematical education of teachers is
inherently an interdisciplinary process
• Fear

A Mathematics Educator’s Perspective
• Built partnership with public elementary school beginning
in 1996.
• Prospective teachers saw connections between methods
course and field experience.
• Prospective teachers saw no relevance between math
courses and methods and field experience.
• Prospective teachers are weak mathematically as
learners and teachers.

An Elementary Teacher’s Perspective
• Wants good new teachers as colleagues.
• Appreciates opportunities to reflect on teaching and
children while working with prospective teachers.
• Welcomes opportunity to have input into university
teacher education program.
• Takes seriously the work of a teacher educator.

Who are the students we teach?
I would enjoy teaching math to younger kids. I believe that
math would not be hard subject to teach.
I am a little nervous honestly, but I am confident that with a
great cooperating teacher and practice that I will feel at
ease teaching math. I’m excited.
I am a bit nervous because math has never been a subject
that I found easy. But I am still very excited to have the
opportunity to help the students and maybe help them
overcome some obstacles that I had.

I feel confident right now in my ability to teach math to
children. I know how to do the steps correctly for most
math concepts, so I think I will be successful in teaching
math to kids.
I am concerned—teaching math has never been my forte’,
especially more challenging concepts. I am looking
forward to learning how!
Even though math is not my favorite subject, I do fine in
math classes. I think that I will able to teach math and
make it fun, so that students don’t have bad experiences
like I did!

I feel fine with teaching math to children. I have problems
understanding very difficult math but basic math is easy
for me to explain to others.
I am pretty confident about teaching math and am really
excited to get started. Math was always my favorite
subject growing up, so I think I will really enjoy this block.
It’s a little scary since math isn’t my strong area but since
I’m not teaching Algebra I think I’ll be okay.

Mental Math Quiz
(Work all problems in your head.)
1) 48 + 39 =
2) 113 – 98 =
3) 14 x 5 x 7 =
4) 85/39 is closest to what integer?
5) 4 x 249 =
6) 6(37 + 63) + 18 =
7) .25 x 9 =
8) 12.03 + .4 + 2.36 =
9) 1/2 + 1/3 =
10) 90% of 160 =
11) The sum of the first ten odd positive integers
(1+3+5+…+17+19) is equal to what integer?
12) If you buy items (tax included) at $1.99, $2.99 and
$3.98, the change from a $10 bill would be?
13) To the nearest dollar, the sale price of a dress listed at
$49.35 and sold at 25% off is _____?

Mental Math Quiz
14) The area of a square of perimeter 20 is ___?
15) The ratio of the area of a circle of radius one to that of
a circumscribed square region is closest to?
a) .5,

b) .6,

c) .7,

d) .8,

e) .9

16) The average (arithmetic mean) of 89, 94, 85, 90, and
97 is _____ ?
17) If 4/6 = 16/x, then x = _____ ?
18) If 2x + 3 = 25, then x = _____ ?
19) The square root of 75 is closest to what integer?
20) To the nearest dollar, a 15% tip on a restaurant bill of
$79.87 is _____ ?
Note: A typical class will miss an average of 8-9 problems.

The Mathematics Semester
(For all Elementary Education majors starting Fall 2003)

•
•
•
•

MATH
Math 300 – Number and Number Sense (3 cr)
PEDAGOGY
TEAC 308 – Math Methods (3 cr)
TEAC 351 – The Learner Centered Classroom (2 cr)
FIELD EXPERIENCE
TEAC 297b – Professional Practicum Exper. (2 cr)
– Students are in an LPS elementary school two days each week
(1 full day & 1 half day per week)
– Math 300 & TEAC 308 are taught as a 3-hour block on two other
days each week
– TEAC 351 meets at the elementary school one day per week

Goals for The Mathematics Semester
• Create a mathematician – mathematics educator
partnership with the goal of improving the
mathematics education of future elementary
school teachers
• Link field experiences, pedagogy and
mathematics instruction
• Create math classes that are both accessible
and useful for future elementary school teachers

Special Emphasis for
The Mathematics Semester
• The Habits of Mind of a Mathematical Thinker
• Learning Mathematics for Teaching
• Pedagogical Habits of Mind for Teaching
Mathematics

Someone possessing a rich set of
mathematical habits of mind:
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.

Understands which tools are appropriate when solving a problem.
Is flexible in their thinking
Uses precise mathematical definitions
Understands there exist (therefore encourages) multiple paths
to a solution
Is able to make connections between what they know and the
problem
Knows what information in the problem is crucial to its being solved
Is able to develop strategies to solve a problem
Is able to explain solutions to others
Knows the effectiveness of algorithms within the context of the
problem
Is persistent in their pursuit of a solution
Displays self-efficacy while doing problems
Engages in a meta-cognition by monitoring and reflecting on the
processes of conjecturing, reasoning, proving, and problem solving.

Someone who possesses mathematical knowledge for teaching (Ball,
Thames, & Phelps, 2008) and pedagogical mathematical habits of mind
is able to do the special work of mathematics teaching

• Presenting mathematical ideas
• Responding to students’ “why” questions
• Finding an example to make a specific
mathematical point
• Recognizing what is involved in using a
particular representation
• Linking representations to underlying ideas
and to other representations
• Connecting a topic being taught to topics from
prior or future years
• Explaining mathematical goals and purposes to parents

… the special work of mathematics teaching
• Appraising and adapting the mathematical content
of textbooks
• Modifying tasks to be either easier or harder
• Evaluating the plausibility of students’ claims
(often quickly)
• Giving or evaluating mathematical explanations
• Choosing and developing useable definitions
• Using mathematical notation and language and
critiquing its use
• Asking productive mathematical questions
• Selecting representations for particular purpose
• Inspecting equivalencies
(Ball, Thames, & Phelps, p. 34)

Special aspects of
The Mathematics Semester
• Challenging homework to develop the habits of
mind of a mathematical thinker
• Challenging integrated assignments designed to
be at the intersection of understandings of
mathematics, teaching, and learning
(professional writings, curriculum project,
learning and teaching project, math lessons,
child interview)

Engaged in Research to Make
Distinctions Among:
•
•
•
•

Mathematical Knowledge
Mathematical Habits of Mind
Pedagogical Content Knowledge
Pedagogical Mathematical Habits of Mind

Mathematical Habits of Mind Problems
Goals: Give students experiences that help them
develop:
•
•
•
•
•

Strategies for solving problems
Flexibility in their thinking
An appreciation for precise mathematical
definitions and careful reasoning
The ability to explain solutions to others
Persistence and self-efficacy

Getting Started
The Chicken Nugget Question
(as asked on Car Talk)
At a famous fast-food restaurant you can order chicken nuggets
in boxes of 6, 9, or 20. Thus, for example, you can order, 32
pieces of chicken by ordering a box of 20 and two boxes of 6.
What is the largest number of chicken pieces that you
cannot order?
Note: A complete answer to this problem will do the following:
1) Choose a whole number “N” that is your answer to the
question. (Everyone said the answer was 43.)
2) Explain why it is not possible to have a combination of
“boxes of 6” and “boxes of 9” and “boxes of 20” that add to
exactly N pieces of chicken.
3) Explain why it is possible to have a combination that equals
any number that is larger than N.

Problematic Explanations
• Why is it not possible to order exactly 43 pieces?
• No combination adds to 43 because it can’t evenly divide by 6, 9, or 20.
It is not a multiple of 15 and can’t be evenly divided in half.
• You are not able to get the number 43 because none of the numbers
add equally into that number.
• It is not possible because the numbers don’t have common divisors.
Although 43 is a prime number. If we had a 3 pack we could fulfill the
order with one 3 pack and 2 orders of 20.

• Why it is possible to have a combination that equals
any number that is larger than 43?
• Because you can buy all the multiples of the numbers. For example, if
you buy 18, you can buy 36 and 70. Or if you by 20 you can buy 40, 60,
80, 100, etc.
• After 43, I went up to 65 and everything between 43 and 65 could be
done. Beyond 43, each number would be able to work because they are
multiples of 6, 9, or 20. This could go on forever, but I figured after 43
they will somehow work!
• Every number after 43 is possible whether you add 6, 9 or 20 multiple
combinations will give you any number will give you more than 43.

The Rice Problem
• Recall our discussion about the game of chess and how
a humble servant for a generous king invented it. The
king became fascinated by the game and offered the
servant gold or jewels in payment, but the servant
replied that he only wanted rice—one grain for the first
square of the chess board, two on the second, four on
the third, and so on with each square receiving twice as
much as the previous square. In class we discussed how
the total amount of rice was 264 grains of rice. (To be
completely precise, it is this number minus one grains of
rice.) Suppose it was your job to pick up the rice. What
might you use to collect the rice, a grocery sack, a
wheelbarrow, or perhaps a Mac truck? Where might you
store the rice? Explain.

How many pentominoes are there?
To level the playing field, I will tell you. There are 12.
The Challenge of Explaining Why
Once you convince yourself that there are exactly 12
different pentominoes, provide an argument that the
answer is correct. I.e. Give a convincing argument that
"all 12 are different" and "there are no more?”
This calls for more than statements like, “I tried all flips
and rotations and no two are the same,” or “I considered
all the possibilities and couldn’t create any new
pentominoes.” Those are “trust me” arguments. Draw
pictures of all 12 pentominoes and then provide a
discussion of the attributes of the pentominoes that
explains i) why your set of 12 are each different from
each other and then ii) why there are no more.

The Triangle Game
(Paul Sally, U. Chicago)
Consider an equilateral triangle with points located at
each vertex and at each midpoint of a side. The problem
uses the set of numbers {1, 2, 3, 4, 5, 6}. Find a way to
put one of the numbers on each point so that the sum of
the numbers along any side is equal to the sum of the
numbers along each of the two other sides. (Call this an
Equal Side Sum Solution.)
– Is it possible to have two different Equal Side Sums
Solutions?
– For what values are Equal Side Sum Solutions
possible?
– How can you generalize this game?

Paths on the Playground
• You teach at Heaton Elementary which has a special focus
on teaching mathematics. Even the games the children
play are connected to a mathematics problem. Behind the
school there is a maze laid out in the shape of a 6 X 6
square grid. (A diagram was provided.) At recess, students
enter the maze at point H (the lower left hand corner) and
run to the exit at point M (the upper right hand corner). The
principal asks how many different paths are there from H to
M that don’t involve any backtracking. (I.e. the total
distance will be 12 square sides.) A prize awaits the first
student (or teacher) to solve the problem. [Note: The
principal reminds us that a correct solution includes a
careful explanation as to why an answer is correct.]

Professional Writings
• Presenting mathematical ideas
• Finding an example to make a specific
mathematical point
• Giving or evaluating mathematical explanations
• Assessing where one is in relationship to the
special work of teaching with regard to
knowledge, skills, and dispositions

A letter to 1st and 2nd grade students
Dear Math Professors,
We are 1st and 2nd graders in Wheeler Central Public School and
we need your help. We were reading amazing ‘Super Mom’ facts in
a Kid City magazine. It told how many eggs some animals could lay.
We came across a number that we don’t know. It had a 2 and then a
1 followed by 105 zeros!! We wrote the number out and it stretches
clear across our classroom! We know about a googol. We looked it
up in the dictionary. A googol has 100 zeros. Then what do you call
a number if it has more than 100 zeros? Is there a name for it?
Another problem is that we learned about using commas in large
numbers. In the magazine article they used no commas when
writing this large number. That confused us. Also, if you write a
‘googol’ with 100 zeros, how do you put the commas in? It doesn’t
divide evenly into groups of 3 zeros. There will be one left over.
Sincerely,
Mrs. Thompson’s 1st & 2nd graders
Megan Kansier, Mark Rogers, Marcus Witt, Ashley Johnson

The clipping from Kid City magazine
Apple Of My Eye
The tiny female apple aphid is a champ
as an egg-layer. This insect can lay as
many as 21000000000000
00000000000000000000000
00000000000000000000000
00000000000000000000000
00000000000000000000000
0000 eggs in 10 months.

What do Math Teachers Need to Be?
Read “What do Math Teachers Need to Be?” The author is Herb
Clemens, a mathematics professor at The Ohio State University,
and the article was published in 1991 in Teaching academic
subjects to diverse learners (pp. 84-96). In this article, Herb
Clemens lists what he thinks teachers of mathematics need to be.
After reading his article and his meaning and use of these words,
where does your own practice of teaching mathematics stand in
relationship to what Clemens says mathematics teachers need to
be: unafraid, reverent, humble, opportunistic, versatile, and in
control of their math. On p. 92, Clemens lists four fundamental
questions about mathematics teaching that matter to him. If he
came to your practicum classroom and watched you teach a math
lesson tomorrow, how would he answer his own last question about
your practice: Can this teacher teach it [math] with conviction, and
with some feeling for its essence? Explain.

Curriculum Project
• Appraising the mathematical content of
textbooks
• Finding an example to make a specific
mathematical point
• Giving mathematical explanations

Curriculum Project
The goal is to investigate a new mathematical area of the
elementary curriculum and consider what teachers need to know as
well as what children need to learn the topic in the deep and
meaningful ways suggested by the NCTM Standards (2000).
1) Pick a topic: data analysis and probability, geometry, reasoning and
proof, or algebra.
2) Read, analyze, and synthesize the mathematical topic in the NCTM
Standards.
3) Analyze and synthesize the topic in a set of reform curriculum
materials (Everyday Math, Trail Blazers, Investigations, local
curriculum).
4) What do teachers need to know to teach this?
5) Create 5 math problems that would help teachers learn. Create 5
math problems that would help children learn.

Learning and Teaching Project,
Math Lessons, Child Study
•
•
•
•
•
•

Presenting mathematical ideas
Modifying tasks to be easier or harder
Giving or evaluating mathematical explanations
Choosing and developing useable definitions
Asking productive mathematical questions
Evaluating the plausibility of students’ claims
(often quickly)
• Selecting representations for particular purposes

Learning and Teaching Project
The Canoe Conundrum was a Week 2 homework problem. A
few weeks later we told our students to revisit the problem. It
was to be the basis for a mathematics lesson that they would
teach (in pairs) to one elementary school student. Our
instructions were:
How can you present this task to the student you will teach?
How can you set the stage for the student to understand the
problem? How far can the student go in exploring this
problem? Remember that you want your student to discover
as much as possible for himself (or herself). But there may be
some critical points where you need to guide the student over
an intellectual “bump” so that he (she) can move on to the
next part of the problem.
Finally, produce a report analyzing the mathematics and your
teaching experience.

Math Lesson You need to teach a math lesson. It should
connect to the curriculum in the classroom in which you
are working. You should make use of the textbook and
other resources from your cooperating teacher and what
you are learning and reading in your math and pedagogy
courses. You need to consider in advance what it will
mean to gear up or gear down the mathematical ideas
you are teaching.
Child Study This assignment will give you experience
watching, listening to, probing, and assessing one child’s
understanding of several math problems focused on a
particular area of mathematics. You will write a report of
your interview and suggest instruction for the child based
on the information you gathered in the interview session.

Learning Math for Teaching
A) Write a word problem for which 2/7 + 4/15 provides
the answer.
B) Write a word problem for which 1/8 * 2/5 provides
the answer.
In Summer 2007, I asked a group of 35 middle level
teachers (grades 5-8) to write various problems on an
“End-of-Course Assignment.” Some of the teachers
had trouble with this assignment and at times a
graduate student grader did not recognize that an
answer was problematic. This offers evidence that
mathematical knowledge is not enough for success in
the K-12 mathematics classroom. Instead, the teacher
needs “mathematical knowledge for teaching.”

What We Are Learning
1) Commit to a long-term partnership.
2) Build on existing relationships and
capitalize on strengths.
3) Value integration of content and
pedagogy.
4) Appreciate mathematics for teaching as
rigorous.
5) Keep expectations of students high.
6) Emphasize learning how to learn and
offer continued opportunities.

7) Recognize pedagogical content.

8) Understand differences in how instruction is
delivered and assessed and support each other.
9) Develop partnerships that grow beyond the
relationship of two individuals.

Why Involve Mathematicians?
Because the mathematical knowledge of
the teacher matters
but
It is hard to do it alone. The value added
by a true collaboration with a mathematics
educator cannot be overestimated.

