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Title: Convex bodies, semi-groups of integral points, algebras of ﬁnite type, and
geometry of linear series on varieties
Keywords: convex bodies, mixed volumes, aﬃne varieties, intersection theory of divisors, Newton convex set
Summary: Elementary proofs in combinatorics imply interesting results in
algebraic geometry. Asymptotic behaviour of semigroups of integral points can
be related to asymptotic results on graded algebras of ﬁnite type over a ﬁeld k,
and also to results on big divisors in algebraic geometry. Several approximation
theorems are discussed.
Elementary proofs in combinatorics imply some interesting results in algebraic geometry. All follow from observations on semigroups of integral points.
All joint with AG Khovanskii; there are three preprints on the arXiv. One is
expository. A new one is to appear next week with same title as talk.
Work is very related to that of Lazarsfeld and Mustata’s in “Convex bodies
associated to linear series.” Also motivated by results of Okounkov.
Plan of talk:
• semigroups of integral points in Zn
• Zn -valuation on a ﬁeld F , giving results on Hilbert functions of graded
subalgebras of polynomials in F [t] (of almost ﬁnite type)
• Applications to algebraic geometry and convex geometry.
F ﬁeld over k, ﬁnitely generated of ﬁnite transcendence degree n. Valuation v : F \{0} → Zn . For algebraic geometry, take F = C(X) where X is
an n-dimensional irreducible variety. (That’s it – not necessarily complete or
smooth!)
Start with semigroup S ⊂ Zn . Associate to this Con(S), the cone of S, L(S)
the span of S in Rn , and G(S) ⊂ Zn group generated by S.
Theorem 1 (Approximation theorem). Con(S) ∩ G(S) =: Reg(S). S approximates Reg(S) “very well.”
We know: if we have 2$ bills and 5$ bills, 2, 5 ∈ Z, for large n ∈ Z, n can be
paid using these 2$ and 5$ bills. (Real-life application!)
Theorem 2 (Khovanskii). There exists C > 0 such that for finitely generated
S, Con(S) and x ∈ Con(S)∩G(S), if distance of x from ∂S is ≥ C, then x ∈ S.
The approximation theorem is a generalization of this theorem. Rewrite:
Theorem 3 (Approximation, version 2). S any semi-group ⊂ Zn . Take any
strongly convex cone Con ⊂ Con(S). Then there exists a constant C > 0
depending on choice of cone such that if dist(0, x) > C and x ∈ Con ∩ G(S),
then x ∈ S.
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√
Example: draw graph of y = x in R2 . Look at S ⊂ Z2 above this curve.
Notice that Con(S) is the upper half-plane. If we take a strongly convex cone
Con in the upper half-plane based at the origin, we have always some extra,
but for large distance from the origin all points in Con are also in S.
Take a non-negative semigroup S ⊂ Zn × Z≥0 , S * Zn ×{0}. Associate to
this a Hilbert function. Sk is all elements of S at level k: for π : Zm × Z → Z,
and πS : S → Z, Sk = πS−1 (k). Then the Hilbert function is HS (k) = #Sk .
A bit more notation: π(G(S)) ⊂ Z is a semigroup, and m = m(S) is the
index of this in Z. (Project on the vertical axis, and notice that this subsemigroup eventually is all multiples of m(S).) ind(S) is the order of G(S) ∩ Zn
in L(S) ∩ Zn . These are invariants. For large values of k have only non-zero
parts of Hilbert function when k is multiple of m.
Motivated by deﬁnition of Newton polytope,
Definition 1. The Newton convex set of S is Con(S) ∩ π −1 (m). This lives in
Rn ×{m}. We call the Newton convex set ∆(S).
The volume of this newton convex set is supposed to be responsible for
asymptotic behavior of Hilbert function.
Example: Given ﬁnite set of points x1 , . . . , xn ∈ Zn , consider x̃i = (xi , 1)
and S semigroup generated by x̃i , ∆(S) is the convex hull of the x̃i s. This plays
an important role in toric geometry.
Theorem 4 (Main theorem). S non-negative semigroup in Zn × Z≥0 . Then
lim

k→∞

HS (mk)
V olq (∆(S))
=
kq
ind(S)

where q = dimR ∆(S) = dim L(S).
This follows from the approximation theorem.
Q: do we assume index ﬁnite? A: Yes.
For S ⊂ Zn × Z≥0 , Con(S) strongly convex, look at Ŝp the subsemigroup
generated by Sp , semigroup at level p.
Theorem 5. Let p >> 0, and ap = limℓ→∞
lim

k→∞

HŜp (pℓ)
ℓp

, and q = L(L(S)). Then

HS (mk)
akm
= lim
.
k→∞
kq
kq

Lazarsfeld and Mustata proved a similar statement for the case where S ⊂
Zn≥0 and used it to prove the Fujita approximation theorem for big divisors on
projective algebraic varieties.
Now we have all the results we need to look at applications to algebra and
algebraic geometry.
F a ﬁnitely generated extension of k, of transcendence degree n. Take valuation v : F \{0} → Zn (ordered). Such a valuation always exists. Usual deﬁnition
of valuation has v(f g) = v(f ) + v(g), and v(f + g) ≥ max(v(f ), v(g)). We add
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one more condition: v(f ) = v(g) implies ∃λ such that v(f − λg) > v(f ). Also
require v is onto.
P
Usual example of a valuation is this: let f (x) = α∈Nn cα xα
Pm
Extension for power series: vt : F [t] → Zn+1 . f (t) = k=ℓ ak tk and vt (f ) =
(v(aℓ ), ℓ).
Let B ⊂ F [t] a graded subalgebra, L ⊂ F ﬁnite dim.
Theorem 6. For B of almost finite type, S(B) = vt (B) ⊂ Zn × Z≥0 is a
strongly convex non-negative semigroup.
Then HB (k) = dim Bk , B = ⊕k≥0 Bk , have
HB (k)
V ol(∆(S(B)))
=
.
q
k→∞
k
ind(S(B))
lim

Similar result for Fujita type.
Applications to algebraic geometry come from F = C(X) and X an ndimensional irreducible algebraic variety. For D a divisor on X, L(D) = {(f ) +
D > 0}. For X complete this is ﬁnite-dimensional. Then R(D) = ⊕k≥0 L(kD)tk
is of almost ﬁnite type.
From this we can recover many results in algebraic geometry that were known
for big divisors and asymptotics of spaces of line bundles, for instance.
Q: Can you talk about choice of valuations? A: Need valuation from C(x) →
Zn that is onto and has one-dimensional ** (did not hear). Favorite comes from
taking smooth point of X and coordinate system around that smooth point, and
consider the valuation constructed on the polynomials in that system. Okounkov
etc. consider valuations coming from ﬂags, so have some non-smooth points,
but with resolution of singularities can transform to this nice case.
Finally want to list applications to algebras of almost ﬁnite type:
• for a divisor D, vol(D) = voln (∆(R(D)))
• limk→∞, m|k

dim(L(kD))
kq

exists and is equal to V olq (∆(R(D)))

• generalization of Fujita approximation
• Kushnirenko theorem
• Hodge inequality on surfaces (Hodge index theorem). Get a birational
version.
• Alexander-Fenchel inequality for mixed volumes.
Also constructed birational intersection theory of divisors on X.
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